ABSTRACT. We show that a null-homologous transverse knot K in the complement of an overtwisted disk in a contact 3-manifold is the boundary of a Legendrian ribbon if and only if it possesses a Seifert surface S such that the self-linking number of K with respect to S satisfies sl(K, S) = −χ(S). In particular, every null-homologous topological knot type in an overtwisted contact manifold can be represented by the boundary of a Legendrian ribbon. Finally, we show that a contact structure is tight if and only if every Legendrian ribbon minimizes genus in its relative homology class.
INTRODUCTION
In this note, (M, ξ) will always denote a cooriented contact 3-manifold, i.e. ξ = ker λ for a 1-form λ on M satisfying λ ∧ dλ = 0. An oriented knot K ⊂ M is called (positively) transverse if λ(γ) > 0 for a positive parametrization γ : S 1 → K. We will always assume that K is nullhomologous. Then K possesses a Seifert surface, i.e. an embedded oriented connected surface Σ ⊂ M with boundary ∂Σ = K. Given K and Σ, we choose a nowhere vanishing section v of ξ Σ and use v to push K away from itself. The resulting knot is denoted by K ′ .
Definition 1.
The self-linking number sl(K, Σ) is defined as the algebraic intersection number of K ′ and Σ.
The self-linking number sl(K, Σ) depends only on K and [Σ] ∈ H 2 (M, K) and is independent of the choice of v. Moreover it is always odd (since it has the same parity as the Euler characteristic of Σ). When it is clear which Seifert surface we use we will simply write sl(K). Obviously, isotopic transverse knots have the same self-linking number (with respect to Seifert surfaces carried along with the isotopy).
A contact structure ξ on a manifold M is called overtwisted if M contains an overtwisted disc, i.e. an embedded disc whose boundary is a Legendrian unknot with Thurston-Bennequin number zero (see Figure 1 ). Otherwise the contact structure ξ is called tight.
The following result was first proved for the standard contact structure on R 3 by D. Bennequin in [3] and then generalized to tight contact structures by Y. Eliashberg in [5] . 
Definition 3.
A Legendrian graph in a contact 3-manifold (M, ξ) is a trivalent embedded graph Γ ⊂ M such that all edges are tangent to ξ.
To a Legendrian graph one can associate a transverse link type as follows. Choose a surface Σ Γ containing Γ with smooth boundary such that Σ Γ is tangent to ξ at every point of Γ.
We use the orientation of the contact structure to orient Σ Γ . Then for Σ Γ sufficiently small (i.e. after replacing Σ Γ by a sufficiently small neighbourhood of Γ in Σ Γ ), its boundary ∂Σ Γ is a link all of whose components are positive transverse knots. The isotopy class of the resulting transverse link depends only on Γ. We refer to Σ Γ as a Legendrian ribbon.
LEGENDRIAN RIBBONS AND OVERTWISTED DISCS
The following theorem is an analogue of a result explained in [4] for overtwisted knots. Before stating it, recall that positive transverse knots are obtained from knots tangent to ξ by choosing an oriented framing of ξ such that one of the components of the framing is tangent to the knot and pushing the knot in the direction opposite to the second component of the framing. As described for example in in [6] , a positive transverse knot γ can be stabilized to a knotγ with sl(γ) = sl(γ) − 2. Proof. Any two transverse knots K, L representing the same topological knot types become transversely isotopic after sufficiently many stabilizations; this fact can be shown as the analogous statement for Legendrian knots, cf. [6] . (At this point the contact structures are allowed to be tight or overtwisted.)
Of course, every stabilization changes the self-linking number of the knots and therefore this procedure by itself does not produce a transverse isotopy between the original knots K, L. However, when K, L lie in the complement of a fixed overtwisted disc D, then one can neutralize each stabilization by pulling a segment of the knot over D. Indeed, let ∂D be oriented in such a way that rot(∂D) = 1, then its positive transversal pushoff ∂D + has self-linking number one, according to the general formula
which holds for all null-homologous Legendrian knots γ in a 3-manifold (see [3] ). Here tb and rot denote the Thurston-Bennequin number and the rotation number, respectively. Given two transversal knots γ, γ ′ in M which lie in disjoint balls one can define the connected sum such that the self linking number of the resulting knot γ#γ ′ satisfies
Let D ot be an overtwisted disc and γ ′ the positive push off of the boundary ∂D ot with sl(γ ′ ) = +1. If γ is a positive transverse knot which is disjoint from D ot , then sl(γ#γ ′ ) = sl(γ) + 2 and γ#γ ′ = γ as topological knot types. We call γ#γ ′ the destabilization of γ. A stabilization of γ#γ ′ yields a knot which is isotopic to γ as positive transverse knot. The isotopy is obtained by a push off of the isotopy constructed in Lemma 4.7 in [4] (where a similar situation for Legendrian knots is considered).
In order to construct a transverse isotopy between K and L we follow a procedure used in [4] in the context of Legendrian knots. We first isotope a segment of K such that it coincides with a segment σ of L. Then we stabilize both knots sufficiently often on the complements of σ and we destabilize σ using D in order to undo the stabilizations.
If this is done sufficiently many times, then the complements of σ become transversely isotopic while K and L still coincide along σ. Because we have never changed the transverse knot types this shows that K, L are isotopic transverse knots.
The following lemma shows that transverse knots obtained from Legendrian ribbons realize equality in the Thurston-Bennequin inequality (1). Y. Kanda has given examples of topological knot types for which the equality in (1) cannot be realized by any transverse representative, cf. [8] . In particular, such knots cannot be boundaries of Legendrian ribbons.
Lemma 5. Let K = ∂Σ Γ be the boundary of a Legendrian ribbon
Proof. Let w be a vector field along K = ∂Σ Γ which is tangent to Σ Γ and points outwards. As Σ Γ is almost tangent to ξ, w projects to a nonvanishing section v of ξ along K. The self-linking number of K can be described as the obstruction to the existence of a nowhere vanishing extension over Σ Γ of v as a section of ξ, or equivalently, of w as a section of T Σ Γ . But the latter obstruction equals minus the Euler characteristic, hence sl(K, Σ Γ ) = −χ(Σ Γ ).
Theorem 6. Let K be a transverse knot in an overtwisted contact 3-manifold (M, ξ) with Seifert surface Σ. Assume that M \ K is still overtwisted and that sl(K, Σ) = −χ(Σ). Then there is a Legendrian graph Γ with
Proof. We fix an overtwisted disc D in the complement of K. Without loss of generality we may assume that D and Σ do not intersect. The following constructions can be carried out in the complement of D.
Let G ⊂ Σ be a trivalent graph such that G is a deformation retract of Σ. After a C 0 -small isotopy of Σ we may assume that Σ is tangent to ξ at the vertices of G such that the orientations of Σ and of ξ coincide at the vertices. Moreover, we may assume that the edges of G are tangent to ξ near the vertices.
Next, we smoothly isotope each edge to a Legendrian curve contained in a small neighbourhood of the original edge, fixing it near the vertices, and pull along Σ with the isotopy. After doing this, Σ and ξ need not induce the same framing of the edges. However, the framings can be arranged to agree for each edge by either stabilizing the edge sufficiently often or by sliding the edge sufficiently often over D, cf. [4] . These operations correspond to taking a connected sum with a Legendrian unknot with ThurstonBennequin number −1 or +1, respectively. The latter only exist in the presence of an overtwisted disc. An example of a Legendrian ribbon whose core curve is a Legendrian unknot with Thurston-Bennequin number +1 is shown in Figure 2 . The two 'horizontal' parts of the ribbon lie on the boundary of two parallel overtwisted discs there. We denote the resulting Legendrian graph by Γ and the resulting transverse knot by L = ∂Σ Γ .
By construction, K and L are equivalent as topological knots, sl(K) = −χ(Σ) = −χ(Σ Γ ) = sl(L) by Lemma 5, and the complement of K ∪ L is still overtwisted. So by Theorem 4 the knots K and L are transversely isotopic. This isotopy can be realized by an ambient contact isotopy (see [6] ), so after pulling along Σ Γ with this isotopy we may assume ∂Σ Γ = K. By construction we have [Σ Γ ] = [Σ] ∈ H 2 (M, K) and χ(Σ Γ ) = χ(Σ), which finishes the proof of the theorem.
Denote by g(S) the genus of a surface S. Proof. Suppose first that sl(K, S) ≥ 2g(S) − 1. By taking connected sums with null-homologous tori we can increase the genus of S by any positive integer, without changing its relative homology class. Due to the assumptions, this allows us to find a Seifert surface Σ for K, homologous to S, with sl(K, Σ) = 2g(Σ) − 1 = −χ(Σ). So by Theorem 6, K is the boundary of a Legendrian ribbon representing the class
because S minimizes the genus in its relative homology class.
The last statement holds because any topological knot type in an overtwisted contact 3-manifold can be realized by a transverse knot K in the complement of an overtwisted disk, and by repeated destabilization we can arrange sl(K, S) ≥ 2g(S) − 1.
As it is shown in [2] , the situation in tight contact structures is quite different: A transverse knot bounding a Legendrian ribbon is quasipositive in the sense of Rudolph [9] . Quasipositivity is quite a strong condition, as it implies chirality. For example, the figure-8 knot is not quasipositive since it is achiral, i.e. topologically equivalent to its mirror image. A classification of quasipositive knots up to 10 crossings is given in [1] .
To conclude this note, we give a characterization of tightness in terms of Legendrian ribbons. Proof. Assume first that ξ is tight and Σ Γ is a Legendrian ribbon with boundary ∂Σ Γ = K. By Lemma 5 we have sl(K, Σ Γ ) = −χ(Σ Γ ), and by Theorem 2 every other Seifert surface Σ for K homologous to Σ Γ satisfies sl(K, Σ) ≤ −χ(Σ), so g(Σ) ≥ g(Σ Γ ).
Conversely, if ξ is overtwisted, then we construct a Legendrian ribbon Σ Γ of genus one whose boundary K = ∂Σ Γ is the topological unknot, as shown in Figure 3 . Since Σ Γ is contained in the neighbourhood of an overtwisted disc, i.e. in a ball, it is homologous rel K to a disk and therefore not genus minimizing.
